Abstract. A conjecture about metrics in interpolations of subspaces (subcouples) in a Hilbert space is presented. If the conjecture is valid, then a family of exponentials being a Riesz basis in
By the same way we obtain the following expression of K z for the subcouple: Lemma 1.3.
where Q 1 (t) := (z, A 2 (A 2 + t 2 ) −1 f ), Q 2 (t) := (z, A 4 (A 2 + t 2 ) −1 z).
(2) kzqq
If f ∈ X ⊥ , then Q 1 may be also presented in the form
Thus, we have
Similar functional has been calculated by R. Wallsten in It is possible to obtain expressions and estimates for the following 1 case. Let A be the multiplication operator
Along with it
where L is the integral operator
and
We think that estimates (
Q2
3) are valid in general situation for some p ≥ 0. Note that in we have always an estimate
Though conjecture main 1.1 has not been proved, it is natural to offer a conjecture for subcouples of arbitrary codimension.
Let Z be a subspace of X and X ⊥ be the orthogonal complement.
Introduce the critical exponents of Z [7] . See also the paper
Exponential Family in Sobolev Spaces

LyubSeip97
[5] of Yu. Lyubarskii and K. Seip.
Let introduce in L 2 (0, a) the family
We assume for simplicity that the spectrum Λ of the family lies in a strip |ℑλ| ≍ 1, λ ∈ Λ. In this case we may put ℑλ ≥ c > 0, λ ∈ Λ.
Using the paper
Minkin
[8] we can omit this assumption. In order to have the almost normed exponentials in the Sobolev Spaces, renormalize the
Here we used estimate |λ n | ≍ |n|, which is almost evident for a basis exponential family
The problem is to study basis properties of E (s) in the Sobolev space H s . We restrict to the case s ∈ (0, 1). We start with harmonic family.
and forms a a Riesz basis in its span in H s (0, a) for s > 1/2
The proof is rather direct and uses the fact that harmonics are the eigenfunctions of the operator
The property of E in H 1 describes the following Proposition 2.2.
Russell82
[10] Let family E = {e n } be a Riesz basis in L 2 (0, a) and the point µ not belong to the spectrum {λ n }. Then the family
forms a Riesz basis in the Sobolev space H 1 (0, a). We see that E has 1d defect in H 1 . Our approach to the study of the basis properties is based on "interpolation" between basis property of E in L 2 space (assumption) and basis property of
Let us introduce operator V on the linear span of E by the formula
Since E and Φ are both Riesz bases in L 2 (0, a), operator V can be continued on the whole space L 2 and the continuation is an isomorphism.
We consider the restriction of V on H 1 E. V maps normalized family E (1) -a Riesz basis in its span in It follows by interpolation theorem that the restriction of V on interpolation space
is also an isomorphism onto In what follows, we find the critical exponent in this situation.
The main theorem. Main assumption:
The family E(Λ) forms a Riesz basis in L 2 (0, a).
To formulate the main theorem introduce the generating function (GF ) of the family E(Λ) 
Let us note, that ( 
7) -for completeness of E(Λ).
The generating function F Λ | IR is a distribution on space S in view of ( minim 6). So we can introduce its Fourier transform F Λ (t).
In view of the Paley -Wiener theorem we have
We connect with this function the critical exponents s Λ
In view of ( minim 6) we have F Λ ∈ H −1 (IR) and in view of (
Remark 2.4. The inclusion (ii) for s Λ < s ≤ 1 the family E (s) (Λ) forms a Riesz basis in the closure in its span in H s (0, a) with 1d codimension.
Remark 2.6. Note that the statement is formulated in the simplest form, it is possible to write the theorem for all s.
Remark 2.7. In
AI2000
[11] a generalization of the Levin-Golovin theorem has been proved. We set
Particularly, we proved that the family E is complete in R s for s < s Λ is not complete for s > s Λ ; E is minimal in R s for s > s Λ − 1 and is
then E is not complete in R s Λ and is minimal in R s Λ −1 . If the last integral diverges, the E is complete in R s Λ and is not minimal in R s Λ −1 .
2.2.
Proof of the main theorem. Let us introduce the functional
where < ·, · > denote duality relation between H 1 (0, a) and [
We have
and, therefore, in w(x) ∈ (A 2 ) then w(x)(1 + |x| s ) ∈ (A 2 ) for s − 1Λ < s < s Λ .
